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Abstract. Let H be a finite-dimensional connected Hopf algebra and let p be a prime number. 
We provide the algebra structure of the associated graded Hopf algebra grH. Then we consider 
the special case when H contains a normal Hopf subalgebra K and is generated by K and another 
r ^ _ element as an algebra. We also prove that H is local if and only if all the primitive elements in H 

are nilpotent, when H is cocommutative and the base field is F p . Finally we classify all connected 
Hopf algebras of dimension p 2 over an algebraically closed field. 



1. Introduction 

This paper serves as a beginning of classifying all connected Hopf algebras of dimension p n for 
small integer n > 1 over an algebraically closed field k. Let H be a finite-dimensional connected Hopf 
algebra as in [101 Def. 5.1.5]. In section 2, some basic definitions and properties are given concerning 
H. In section 3, we show the following algebra structure theorem, which applies especially to the 
associated graded Hopf algebra griJ. 

Theorem 1.1 (Theorem 13. 1[) . Let H = ®TL H(n) be a finite- dimensional connected coradically 
graded Hopf algebra. Then H is isomorphic to k [x±, X2, • ■ ■ , Xd] / {x\ 1 x\^ • • • , x p d ) for some d > 
as algebras. 

Section 4 treats the situation when H contains a normal Hopf subalgebra K (TOj Def. 3.4.1] and 
is generated by K and another element as an algebra. The main result is highlighted in 

Theorem 1.2 (Theorem 14.51) . Let K C H be a degree d extension of finite- dimensional connected 
Hopf algebras. Suppose that H is generated by K and some x G H as an algebra. Also assume 
that A(x) =x(£>l-\-l(x)x + u where u G K ® K and [K, x] C X)o<i<i Kx l . Then H is a free left 
K -module such that H = ©f_ Kx l . Furthermore if K is normal in H, then x satisfies a monic 
equation as follows: 

d-l 

x p " + ai^ + b = 



i=0 

1 



2 
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for some a; 6 k and b £ K . 

In section 5 we prove a special case of the conjecture that a finite-dimensional connected Hopf 
algebra is local if and only if all its primitive elements are nilpotent. 

Theorem 1.3 (Theorem 15. 4[) . Let H be a finite- dimensional cocommutative connected Hopf algebra 
over F p . Write K as the Hopf subalgebra generated by all primitive elements of H. Then the 
following are equivalent. 

(1) H is local. 

(2) L is local for some Hopf subalgebra L containing K. 

(3) K is local. 

(4) All the primitive elements in H are nilpotent. 

In the last section, we classify all connected Hopf algebras of dimension p 2 over an algebraically 
closed field. 

Theorem 1.4 (Theorem l6.4[) . Let H be a connected Hopf algebra of dimension p 2 . When dim P(H) = 
2, it is isomorphic to one of the following: 

(1) k[x,y]/(xP,yP); 

(2) k[x,y]/(xP-x,yP); 

(3) k[x,y]/(xP-y,yP); 

(4) k[x,y]/(x p -x,yP-y); 

(5) k(x, y)l {[xy] - y, x p - x, y p ), 

where x,y are primitive. When dimP(i7) = 1, it is isomorphic to one of the following: 

(6) k[x,y]/(xP,yP); 

(7) k[x,y]/(xP,yP-x); 

(8) k[x,y]/(xP-x,yP-y), 

where A(x)=x®l + l<gix and A(y)=y®l + l<g>y + YhZi (i) /p ^ ® xP ~ l ■ 
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2. Preliminaries 

Throughout this paper, k denotes a base field, algebraically closed of characteristic p ^ 0. All 
vector spaces, algebras, coalgebras and tensor products are taken over k unless otherwise stated. 
Also V* denotes the vector space dual of any vector space V. For any coalgebra C, the coradical 
Co is defined to be the sum of all simple subcoalgebras of C. It is called connected if Co is one- 
dimensional. Following [TU1 5.2.1], {C n V^L is used to denote the coradical filtration of C. For 
any Hopf algebra H, we use P(-ff) to indicate the subspace of primitive elements. Following the 
terminology in [2j Def. 1.13], we recall the definition of graded Hopf algebras. 

Definition 2.1. Let H be a Hopf algebra with antipode S. If 

(1) H = 0^L O H( n ) i s a graded algebra, 

(2) H = ®^L H(n) is a graded coalgebra, 

(3) S(H(n)) C H{n) for any n > 0, 

then H is called a graded Hopf algebra. If in addition, 

(4) H = 0^L O H( n ) i s a coradically graded coalgebra, 
then H is called a coradically graded Hopf algebra. 

There are some basic properties of finite-dimensional Hopf algebras, which we use frequently. 

Proposition 2.2. [9j[10] Let H be a finite- dimensional Hopf algebra. 

(1) H* is a finite- dimensional Hopf algebra by dualizing all the maps. 

(2) H is local if and only if H* is connected. 

(3) H is local, then any quotient or sub Hopf algebra of H is local. 
Furthermore assume that H is connected. 

(4) Any quotient or sub Hopf algebra of H is connected. 

(5) dimP(TJ) = dim J/ J 2 , where J is the Jacobson radical of H* . 

(6) H is primitively generated if and only if H = u (q), where g — P(H). 

(7) dimu(g) = p dim s. 

(8) dimiJ = p n for some integer n. 

Proof. (1) is from pH Thm. 9.1.3]. 
(2), (5) are from [TQl Prop. 5.2.9]. 



4 XINGTING WANG 

For (4) assume H is connected, H/I is connected by [TU1 Cor. 5.3.5], where I is any Hopf ideal 
of H. And for any Hopf subalgebra K of H, by [101 Lemma 5.2.12], Kq = Kf]Ho. Since Hq is 
one-dimensional, so is Kq. Thus K is connected. 

(3) is the dual version of (4) by (1). 

(6) is a standard result from [9] and (7) comes from [101 P. 23]. 

(8) is true because the associated graded ring gi j(H*) with respect to its J-adic filtration is 
connected and primitively generated. Hence dimi? = dimiJ* = dimgrj(if*) = p n , where n = 
dimP(grj(H*)) by (7). □ 

Definition 2.3. Consider an extension of finite-dimensional connected Hopf algebras K C H. 

(1) If dimK = p m and dimff = p™, then the degree of the extension is defined to be n — m. 

(2) The first order of the extension is defined to be the minimal integer n such that K n C H n . 
And we say it is infinity if K = H. 

(3) The extension is said to be simple if H is generated by H n as an algebra, where n is the 
first order of the extension. 

(4) The extension is said to be normal if K is a normal Hopf subalgebra of H . 

Remark 2.4. By [10] Lemma 5.2.12] if D is a subcoalgebra of C, we have D n = D f]C n C C n . Also 
the coradical filtration is exhaustive for any coalgebra by [10l Theorem 5.2.2]. As a result of [TOj 
Lemma 5.2.10], a connected bialgebra is automatically a connected Hopf algebra. Furthermore by 
p~3l Lemma 6.1], we have that any sub-bialgebra of a connected Hopf algebra is a Hopf subalgebra. 
Let H be a connected Hopf algebra. Then the algebra generated by each coradical filtration H n is 
a connected Hopf subalgebra of H . Because each coradical filtration H n is a subcoalgebra and the 
algebra generated by it is certainly a sub-bialgebra. 

Throughout the whole paper we would use the following convention: 

Convention 2.5. Define the expression lo(x) — YnZi CO /p x% ® xV ~ l '■> where (?) /p G k for each 
1 < i <p- 1. 

3. Associated Graded Hopf algebras for finite-dimensional connected Hopf 

Algebras 

Theorem 3.1. Let H = ®^L H (n) be a finite- dimensional connected coradically graded Hopf 
algebra. Then H is isomorphic to k [xi, X2, • ■ • ,Xd] / (x\,x^, ■ ■ ■ , x^) for some d > as algebras. 
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Proof. Denote K = ©?L H(n)* as the graded dual of H . It is a graded Hopf algebra and con- 
nected for Ko C K(0) — H(Q)* = k by [TQl Lemma 5.3.4]. Moreover since H is coradically 
graded, by [TJ Lemma 5.5], K is generated in degree one and hence cocommutative. There- 
fore by duality H is commutative and local. Then according to |12[ Theorem 14.4], H is iso- 
morphic to k [xi, X2, ■ • • ,Xd]/{x\ 1 , x\ 2 ,-- - , A d ) for some d > as an algebra. Thus it suf- 
fices to prove inductively that for any homogeneous element x G H(n), we have x p = for 
all n > 1. Since H is coradically graded, P(i?) = -ff(l). Then for any x G H(l), we have 
x p G (iJ(l)) p P| (1) C ff(|>) Pl-ff(l) = 0. Assume the assertion holds for n < m — 1 and for any 
x e H(m). By the definition of graded Hopf algebras we have: 

m— 1 

A(x) = x<Z)l + l<E)x + '^yi'E) y m -i, 
i=i 

where yi 6 H (?) for all 1 < i < m — 1. Therefore A(x p ) = x p (3 1 + I x p + ^^.T yf <8 y v m -i = 
x p ® 1 + 1 ® x p by induction. Thus G (H{m)) p f| i?(l) C fT(pm) f| H(l) = 0. □ 

Corollary 3.2. The associated graded ring of a finite- dimensional connected Hopf algebra with 
respect to its coradical filtration is isomorphic to k [x\, X2, ■ ■ • , xj] / (x\, x?,, • • • , x p d ) for some d > 
as algebras. 

Proof. The associated graded space grT? = ®„ >0 H n /H n _x is a graded Hopf algebra by [10, P.62]. 
Also mentioned in [U Def. 1.13], giH is coradically graded. Therefore grH is a coradically graded 
Hopf algebra, which is clearly connected because H is connected. Hence grH satisfies all the 
conditions in Theorem 13 . 1 1 and the result follows. □ 

As a consequence of the commutativity of the associated graded ring for any finite-dimensional 
connected Hopf algebra we conclude that: 

Corollary 3.3. Let H be a finite- dimensional connected Hopf algebra. Then [H n ,H m ] C H n+m -i 
for all integers n,m. 

4. Extensions of finite-dimensional Connected Hopf algebras 

Lemma 4.1. Let K C H be an extension of finite- dimensional connected Hopf algebras with first 
order n. Then the degree of the extension is greater or equal to dim(H n /K n ). 
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Proof. By [TD1 Lemma 5.2.12], the inclusion if H induces an injection ifj/ifi_i Hi/Hi_i for 
all i > 1. Thus grif = J>O if (i) giH = J>O and K(i) = H(i) for all < i < n - 1 since 
n is the first order of the extension. Moreover by Def. 1.13], (grH) m = Q) <i< m H(m) for all 
m > and the same is true for grif. Therefore it is enough to prove the result in the associated 
graded Hopf algebras extension grif C griJ. 

For simplicity, we write if for grif, H for giH and use d(H/K) to denote the degree of the 
extension if C H . We will prove the result by induction on dhn(H n /K n ). When dim(H n /K n ) = 1, 
it is trivial. Now suppose that dim(H n / if„) > 1 and choose any x G H(n) \ K{n). Because H is a 
graded coalgebra, 

n-l 

A(x) — X <g) 1 + 1 ® CE + ^ 26 ® 2/n-tj 

»=1 

where t/^ € i?(i) = if («) for all 1 < i < n — 1. Hence if and x generate a Hopf subalgebra of H by 
Remark 1 2. 4 [ which we denote as L. Now according to Corollarv l3.2[ we have x p = 0. Thus if C L 
is a degree one extension with first order n. Because H is a graded algebra, it is clear that L n is 
spanned by K n and x. Hence dim(L n /if n ) = 1 and dim(ii„/_L n ) = dim(ii n /if n ) — 1. Therefore by 
induction we have dim(iJ n /if„) = dim(H n /L n ) +dim.(L n /K n ) = dim(H n /L n ) + 1 < d(H/L) + l = 
d(H/L) +d(L/K) = d(H/K). □ 

Lemma 4.2. Let K <Z H be a simple extension with first order n. Then if is normal in H if and 
only if [if, H n ] C if. 

Proof. First suppose that if is normal in H. By [TUl Lemma 5.3.2] for any x G i? n , A(x) — x ® 1 — 
1 ®x G if„-i ®H n -\ = K n —\ ®K n -i C if (g)if . Thus we can write A(x) = x<g>l + l<X>x + ^ai<g>6j 
where a,, 6, G if. Apply the antipode S to get 

S(x) — e(x) — x — a,iS(bi). 

By the definition of normal Hopf subalgebras [TQl Def. 3.4.1], for any y G if 

^xi2/5(x 2 ) = xy + yS(x) +^a i yS l (6 i ) = w G if . 

Therefore 

[y, x] = yx - xy = y (e(x) - ^ diS(bi)) + ^ aiyS(bi) -uC K, 

which shows that [if, H n ] C if. Conversely suppose that [if, H n ] C if. Then it is clear that 
K+H n C ii n if+ + if+ C Fif+ since [if+ , H n ] C if+. We claim that K+{H n ) 1 C Fif+ for all 
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i > by induction. Suppose the inclusion holds for i and then for i + 1: 

K+ (H n ) l+1 = K+ (H n y H n C (HK+) H n C A (HK+) C #A+. 

Therefore A'+A = (J^C^n)* C M+ and by symmetry A+A = AA+. According to [10, Cor. 
3.4.4], A is normal. □ 

Lemma 4.3. Let H be a Hopf algebra with subalgebra A. If x € H satisfies [K,x] C A and 
A(x) - x®l-l®x€K®K, then A (x p ") - x p " ® 1 - 1 <g> x p " € K ® K for all n > 0. 

Proof. Denote A(x) = x®l+l®x+u where u £ A<g)A. First we prove that A (x p ) — x p ®l — l®x p € 
A ® A. By Lemma [A. II we have: 

p-i 

A (x p ) = (x <g> 1 + 1 ® x + u) p = x p ® 1 + 1 ® x p + u p + 5j 

i=i 

where iSj is the coefficient of A 1-1 in u (ad (Ait + x ® 1 + 1 ® x)) p ~ l . Hence it suffices to show 
inductively that 

u (ad (Am + x 2> 1 + 1 ® a;))" € (A ® A) [A] 

for all n > 0. Notice that when n = 0, it is just the assumption. Suppose it's true for n — 1 then 
for n 

u (ad (Xu + x <g> 1 + 1 ® x))™ G [(A ® A) [A], Am + x ® 1 + 1 ® x] 

C { [ A ® A, u] + [ A, x] ® A + A ® [A, x] } [A] 
C (A(g)A)[A]. 

Now replace x with x p ™ 1 and we have [A, x p ™ 1 ] = K (ad(x)) p C A by Lemma [A. II The other 
cases can be proved in the similar way. □ 

Let A be a Hopf subalgebra of H . Suppose there exists some x 6 H such that A(x) = x (g> 1 + 
l<E>x + u where u € A eg) A and [A, x] C X)o<i<i ^x l . Denote L n = X)i<n f° r au n — 0- Then 
we obtain the following lemma: 

Lemma 4.4. L n is a subcoalgebra and K-bimodule for all n > 0. Ai particular if H is generated 
by K and x as an algebra, then H — lJ n >o 
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Proof. We first prove that [K, x n ] C ^2 0<i<n Kx % for all n > by induction on n. Certainly by 
assumption it holds for n = 1. Suppose it is true for n — 1. Therefore for n 

[a,*"] = 

e 

c 

c 
c 

for any a<EK. Thus [K, x n ] C £o<i<n for all n > 0. 

It is clear that L n = X)o<i<n * s a ^"-module. The above result ensures that L n K C L„. 
Hence L„ is a if-bimodulc for all n > 0. To prove L n is a subcoalgebra, again by induction we 
first show that A(x n ) — x n ® 1 — 1 ® x n 6 £„-i <S) for all n > 1. When n = 1, it is just the 

assumption. Suppose it's true for n — 1 and write A(cc™ _1 ) = x" -1 ® 1 + 1 <8> x™ _1 + Oi <8> h where 
J2 a i ® h £L n _ 2 ®I„-2- Therefore 



(ax"- 1 )x - x n a 



0<i<n-l 



x™ 1 I xa 



^ Ki' + ^ - x"a 



0<i<l 



[ Kx™- 1 + Kx3 } xi + E ^ 

<j<n-l / l<j<n 



0<i<l 



E 



0<i<n 



A(x") - x n <g> 1 - 1 ® a" 

= (x®l + l(g>X + u) (x"" 1 1 + 1 <g) X™ -1 + ^ Q i ® b i) ~X n ®l-l®X' 
E X(gl X™ -1 + X™ -1 ® X + XL„_ 2 <g> L„_2 + <S> + £n-2 <S> i n -2 

C i„_i®i„_i. 
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Then it is straightforward to check that L n is a coalgebra: 
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A(L„) C 
C 

c 
c 

Furthermore if H is generated by K and x as an algebra, it is easy to see H — (J n >o ^ 

Theorem 4.5. Let K C H be a degree d extension of finite- dimensional connected Hopf algebras. 
Suppose that H is generated by K and some x G H as an algebra. Also assume that A(x) — 
x(&l-\-l®x + u where u 6 K ® K and [if, x] C 5Zo<i<i K x% ■ Then H is a free left if -module 

v d — 1 

such that H = ®f =0 Kx l . Furthermore if if is normal in H, then x satisfies a monic equation as 
follows: 

d-l 

x pd + a lX p ' +6 = 

i=0 

for some a; £ k and b G if . 

Proof. Denote L n — J2o<i< n for all n > 0. By the previous Lemma I4T41 L n is a subcoalgebra. 
Also H is a left if- module with generators {x l \i > 0} for H = ^iff. Because H is finite- 
dimensional, there exist some nontrivial relations between the generators such as 

d m x m + d m _ix m_1 H h d x x + d = 0, 

where di € K and d m ^ 0, among which we choose the lowest degree in terms of a;, say degree m. 
Furthermore denote D = if, L = L m _i, F = x m and V = {a G Z?|aF G L}. As in the proof of 
Lemma 14. 4[ we know A(F) - x m (g) 1 - 1 (g) x'™ G L <g> L. Then L>, L, F satisfy all the conditions 
listed in [TTJ Lemma 1.1]. Hence V = D for ^ gJ to G V. Thus x m G © i<m Kx l and consequently 
ii is a free left if -module with the free basis {x'jO < i < m — 1}. Since dim if ~ mdimif, it is 
easy to see m = p d by definition. 



A ^ if x l 

\0<i<n 

£ A(if)A(^) 

0<i<n 

^2 (K ® K) (x l ®l + l®x l + L;_i ® Lj_i) 



0<i<n 
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Now assume that K is normal. Follow the proof in Lemma H. 21 we can show that [K,x] C K. 
From pervious discussion there exists a general equation for x: 

P d -i 

(4.0.1) x pd + ^ a iX l = 0, 

i=0 

where all <Zj 6 K. According to Lemma [4731 we can write A (x p ") = x p ™ ® 1 + 1 (g) x p " + u n where 
u n G K <E> K for all n > 0. Now apply the comultiplication A to the above identity (|4.0.1j) to get 

P d -i 

x pd ® 1 + 1 ® x pd + Ud + A(a,)(a; ® 1 + 1 ® x + u)* = 0. 

i=0 

Replacing x pd with ^— X^o* Ov^Mj the following equation is straightforward: 

( \ ( \ d ^ f . V 

(4.0.2) - <g> 1 + 1 (8 - + A (a pi ) (x p ' <g> 1 + 1 <8> x pl + u»J 

y «=o j y i=o y i=o 

+ ^ A (a,) (x ® 1 + 1 ® x + u)' + A(o ) + u d = 

ies 

with the index set S = {1,2, • •• ,p d } \ {l,_p,p 2 , • • • ,p d }. 

We first prove that ai = for all z € £ by contradiction. If not suppose n G S is the 
largest integer such that a n ^ 0. The free if- module structure for H implies that the K (g> K- 
module H (g> H has a free basis {x l ® x J |0 < i,j < p d }- Thus the term Kx n ~ % ® Kx l would only 
come from A (a n ) (x<g)l + l<E>x + u) n for all 1 < i < n — 1. Moreover it exactly comes from 
A (o„) (a; (g) 1 + 1 (8) a:) n by the choice of n. Therefore (") A (a„) (x™ ® x*) = for all 1 < i < n-1. 
Suppose n = p a m where m > 1 and m ^ (mod p). Choose i = p a . Hence by [51 Lemma 5.1], 
= m (mod p). Then A(a n ) = 0, which implies that a„ = 0, a contradiction. Therefore 
from equation (|4.0.2p . we deduce that A(a p i)(x p (g> 1) = a p ii p g) 1 for all < i < d — 1. Thus 
A (dpi) = dpi <S> 1. Then since is counital, all of a p > are coefficients in the base field k. □ 

5. Finite-dimensional cocommutative Local Connected Hopf Algebras over F p 
Throughout this section we assume that k = F p . 

Lemma 5.1. Let H be a finite- dimensional Hopf algebra with normal Hopf subalgebras K C L C H . 
Then there exists a natural isomorphism: 

(H/K+H)* I (H/L+H)* + (H/K+H)* = (L/K+L)* . 
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Proof. By [TU1 Theorem 2.1.3], L is Frobenius. Hence the injective left L-module map L ^ H splits 
since L is self-injective. Therefore we can write H = L (J) M as a direct sum of two left L-modules. 
Because K C L, we have L f| isT+tf = L f] K+ (L © M) = L f] (K+L K+M) = K+L. Then the 
inclusion map L ^ H induces an injective Hopf algebra map L/K + L =— > H/K + H, since i4T + L and 
K + H are Hopf ideals of L and by [TUJ Lemma 3.4.2]. 

It is clear that the composition map L/K + L ^ H/K + L -» H/L + H factors through k by the 
counit. Thus the dualized map restricted on (H/L+H)*+ = (H/L+H)* f| Kcra* -> (L/K+L)* is 
the zero map where u is the unit map in H. 

Therefore the natural surjective map (H/K+H)* -» (L/K+L)* , which is induced by the inclusion 
L/K+L ^ H/K+H, factors through (H/K+H)* j (H/L+H)* + (H/K+H)* . In order to show 
that it is an isomorphism, it is enough to prove that both sides have the same dimension. By |1Q[ 
Theorem 3.3.1], we have 



Proposition 5.2. Let H be a finite- dimensional cocommutative connected Hopf algebra. Then H 
has a sequence of increasing normal Hopf subalgebras: k = K C K% C • • • C K n = H satisfying 
the following properties: 

(1) Denote J as the Jacobson radical of H* . Then the length n is the minimal integer such that 
x P n = for all x e J. 

(2) K\ is the Hopf subalgebra of H generated by all primitive elements. 

(3) There are natural injective Hopf algebra maps: 




dim L / dim K 



dim(L/K+L)*. 



□ 



K n /K+_ x K n ^ K n ^ 



/K, 



-_ 2 if n _! ^■■■^K 1 /K+K 1 . 



(4) = dimP (H/K+H) < dimP (H/K+^H) < • • • < dimP (H/K+H) = dimP(iJ). 



12 XINGTING WANG 

Proof. (1) By duality H* is a finite-dimensional commutative local Hopf algebra. Therefore by [T2l 
Theorem 14.4] we can write: 

H* =k[x 1 ,x 2l - ■ ■ ,Xd] J (%i 1 ,%2 V" ' x d d ) 
for some d > 0, in which we can define a decreasing chain of normal Hopf ideals jTO] Def. 3.4.5] 

( Jm = {X\ i %2 , ■ ■ • ) X P d ) J . 

\ / m>0 

By [101 P. 36] , in the dual vector space H we have an increasing sequence of normal Hopf subalgebras: 
k = Kq C K\ C • • • C K m C • • • C H , where K m — (H* / J m )* for all m > 0. For the length of 
this filtration, notice that K m = H <^> J m = <^> x P =0 for all 1 < i < d <^> x pm = for all 
x G Jo = «/• 

(2) Write L as the Hopf subalgebra of H generated by P(H). By [TUl Prop. 5.2.9], k® P{H) = 
{h e H\(J' 2 ,h) = 0}. Hence under the natural identification, P(H) C (H*/J 2 )* C {H* / J x )* = 
Because L is generated by P(-ff) as an algebra, we have 1/ C K\. Moreover we know dimL = 
p dimP(H) = pdim.//./ 2 = p d_ on the other side dimifi = dmiH*/,h = p d , which implies that 
L = K 1 . 

(3) Define a decreasing series of normal Hopf algebras of H* by 

Notice that A^H* = J m for all m > 0. By Lemma lOI we have 

(A m /A+ +1 A m y = (H*/A+ +1 H*)* I {H*/A+Hy + (H*/A+ +1 H*)* 

It is easy to see there exists a series of surjective p-power Hopf algebra maps <j) m : A m -» A m +\ 
such that 4> m {x) — x p for all x 6 A m . And it induces a series of surjective maps on the quotients 
Am/A^^Am -» A m+ i I A^ l+2 A m+ i for all m > 0. By daulizing all the maps and the above natural 
isomorphism we have a series of injective maps 

K n lK+_ x K n JsT n _ 1 /X+_ 2 X n _ 1 Ki/K+Kt. 

(4) In Lemma 15.11 let if = k and L = yl m then we have the special isomorphism: 

A* =H/K+H. 
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Therefore by Proposition 12. 2f 5). 

dimP(H/K+H) = dimJ(A m )/J(A m ) 2 = # [{xf,xf,- ■ ■ ,xf } \ {0}} , 

which is the number of generators among {x\,X2, ■ ■ • ,%d} whose p m -th power does not vanish. 
Thus the inequalities follow. □ 

Remark 5.3. When H is a finite-dimensional cocommutative connected Hopf algebra over any field 
of characteristic p, then all the results in Proposition l5.2l remain true except for (3), where we would 
only have injective coalgebra maps. In particular suppose that dimP(i?) = I and dim if = p n . It 
is clear that H * = k [x] / (x p ) as and algebra and has Jacobson radical J = (x) . Hence H is a 
finite-dimensional cocommutative connected Hopf algebra. Hence it can be filtered by an increasing 
sequence of normal Hopf subalgebras: k = Kq C K i C • • • C K n = H such that K\ is generated by 
primitive elements and dim K m = p m for all < m < n. 

Theorem 5.4. Let H be a finite- dimensional cocommutative connected Hopf algebra over¥ p . Write 
K as the Hopf subalgebra generated by all primitive elements of H . Then the following are equiva- 
lent. 

(1) H is local. 

(2) L is local for some Hopf subalgebra L containing K . 

(3) K is local. 

(4) All the primitive elements in H are nilpotent. 

Proof. (1) => (2) is from Proposition 12.2( 3) and (2) (3) is trivial. (3) (4) is clear since K 
contains all the primitive elements in H and the augmentation ideal of K is nilpotent. 

In order to show that (4) (3), denote g — P(-ff) which is a restricted Lie algebra. Then (4) is 
equivalent to the statement that g p =0 for sufficient larger n. Therefore (adx) p = ad(x p ) = 
for all x E g. By Engel's Theorem [1J §3.2], g is nilpotent. Any representation of K = u(g) is 
a restricted representation of g. Therefore any irreducible representation of K is one-dimensional 
with trivial action of the augmentation ideal of K . Hence the augmentation ideal of K is nilpotent 
and K is local. 

Finally we only need to show (3) => (1). First H is local if and only if the Jacobson radical of H 
equals ker e, where e is the counit of H . We do induction on the dimension of H . When dim H = p, 
the result is clear since H — K. By Proposition I5.2f 3). there exists some proper normal Hopf 
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subalgebra L D K such that H/L + H K as Hopf subalgebra. Hence by Proposition ^. 2f 3) again, 
H/L + H is local. Therefore there exists some integer I such that (kere)' C L + H . By induction L is 
local. Then there is another integer s such that (L+) s = 0. Thus (ker e) ls C (L+H) s = (L+) S H = 0. 
Here we use the fact that L + H = HL + in the case that L is normal by [TU1 Cor. 3.4.4]. Since the 



The starting point for classifying finite-dimensional connected Hopf algebras turns out to be 
when the dimension is just p, where it is obvious that such Hopf algebras are primitively generated, 
i.e., by some primitive element x. As a consequence of the characteristic of the base field, x p is still 
primitive which implies that x p = Xx for some A £ k since the dimension of the primitive space is 
one. By rescaling of the variable we can always assume the coefficient A is zero or one. Thus we 
have the following result: 

Theorem 6.1. All connected Hopf algebras of dimension p are isomorphic to either k.[x]/(x p ) or 
k[x]/ {x p — x) where x is primitive. 

Corollary 6.2. All local Hopf algebras of dimension p are isomorphic to k.[x]/(x p ) with comulti- 
plication either A(x) — x<S>l + l(E>x or A.(x) = x(3l + l(3x + x(3x. 

Proof. By Proposition I2.2f 2). p-dimensional local Hopf algebras are in one to one correspondence 
with p-dimensional connected Hopf algebras by vector space dual. Therefore by Theorem 16. 1[ we 
know there are only two non-isomorphic p-dimcnsional local Hopf algebras. k[x]/(x p ) is local as 
p-dimensional algebra. With respect to the coalgebra structure, when A (a;) = x ® 1 + 1 ® x, 
it is connected. When A(x) = x®l + l<S>x + x(S)X, we have A(x + 1) = (a; + 1) ® (x + 1), 
which is a group-like element. Therefore it is cosemisimple. They are certainly non-isomorphic as 
coalgebras. □ 

In the rest of the section we focus on the structure of connected Hopf algebras of dimension p 2 . 
We first consider the case when dimP(Z/") = 1. By Remark l5.3[ we have k C K C H where K is 
generated by some x £ ¥{H). Since K C H, by Theorem IB. 61 there exists some y £ H\K such 
that (A (y) — y ® 1 — 1 ® y) is a nonzero cohomology class in H 2 (flK). Furthermore according to 
Lemma fB. 11 it is clear that dimH 2 (f2i , Q = 1. Hence the nonzero cohomology class can be chosen 



Jacobson radical contains any nilpotent ideal, J{H) = kere and H is local. 



□ 



6. Connected Hopf algebras of dimension p 2 
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in a unique way up to a scalar. It is easy to check that oj(x) = Yli=i (?) /p x% ® xV ~ % i s a nonzero 
cohomology class in H 2 (QK). 

Lemma 6.3. Let H be a p 2 -dimensional connected Hopf algebra with dimP(H) = 1. Then H is 
isomorphic to one the following 

(1) k[x,y]/(xe,yP); 

(2) k[x,y)/( X P,yP-x); 

(3) k[x,y]/(xP-x,yP-y), 

equipped with the comultiplications such that for x and y 

(6.0.3) A(x) = x ® 1 + 1 ® x, 

A(y) = y®l + l®y + u](x). 

Proof. By the previous argument, we can find elements x,y £ H with the stated comultiplications 
in (|6.0.3[) . They generate a sub-bialgebra, hence a Hopf subalgebra by Remark l2.4[ inside H. Since 
H has dimension p 2 , H is generated by x, y. First we claim that x, y commute with each other. It 
is clear that [x,y] is primitive since 

A([x,y}) = [A(x),A(y)] 

= [x®l + l®x,y<8>l + l®y + u) (x)] 
= [x, y] ® 1 + 1 <8> [x, y] . 
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In other words [x,y] — Ax for some A € k, which implies that [x n , y] — n\x n for any n > 1. Another 
calculation shows that 



(6.0.4) 



[uj(x),y ® 1 + l®y] 



•p-i 

£ 



x l <g) x p l , y <g> 1 + 1 (g> y 



p-i , 

E " 

i=l 



P-1 , 

i=l 
P-1 . 

i=l 



/p ([x l , y] x p_l 4- x l <g> [x p -\ y]) 
jp (i\x l ® x p ~ l + ® (p - i)Ax p ~ l ) 



Ax 1 



= 0. 



Since w(x) p = w(x p ) we have 

(6.0.5) A {if ) = (y ® 1 + 1 <g> y + w(x)) p = y p <g> 1 + 1 ® y p + w(x p ). 

By Theorem 16.11 we can assume that x p = or x p = x. When x p = 0, according to the above 
equation (|6.0.5j) . y p is primitive. Then we can write y p = /ix for some /iG k. Thus A p x = xad(y) p 

yPj = [x, fix] — which implies that A = 0. By further rescaling of the variables, fj, can be taken 
either one or zero, which yields the first two non-isomorphic classes. On the other hand when 
x p = x, we have y p — y being primitive, where we can write y p = y + fix for some fi 6 k. Therefore 
[x,y] = [x p ,y] = ad(x) p y = 0. After the linear translation y = y' + ax satisfying cr p = a + /i, we 
have y' p = y' while A(y') = y' Cg> 1 + 1 '® y' + w(x). This completes the classification. □ 

Finally the classification for connected Hopf algebras of dimension p 2 follows: 

Theorem 6.4. Let H be a connected Hopf algebra of dimension p 2 . When dimP(iJ) = 2, it is 
isomorphic to one of the following: 

(1) k[x,y]/(x p ,y p ); 

(2) k[x,y]/(x p -x,y p ); 

(3) k[x,y]/(x p -y,y p ); 

(4) k[x,y]/(x p -x,y p -y); 

(5) k(x, y)l ([xy] - y, x p - x, y p ), 

where x,y are primitive. When dimP(iJ) = 1, it is isomorphic to one of the following: 
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(6) k[x,y]/(x p ,y p ); 

(7) k[x,y]/(x p ,y p -x); 

(8) k[x,y]/(xP-x,yP-y), 

where A(x) = x®l + l®x and A (y) = y (g) 1 + 1 ® y + ui(x) . 

Proof. By Proposition ^. 2f 7). when dimP(iJ) = 2, it is primitively generated. Thus by Proposition 
I2.2f 6). H = u(q) where dimg = 2. Therefore Proposition IA.3I provides the classification for p 2 - 
dimensional connected Hopf algebras in this case. And the other case when dimP(i/) = 1 directly 
comes from Lemma 16.31 □ 

Corollary 6.5. Let H be a local Hopf algebra of dimension p 2 . Then H is isomorphic to either 
k [x, y] I (x p , y p ) or k [x] /(x p ) as an algebra. Regarding the coalgebra structure for the first one we 
have the following distinct comultipications for x, y: 



(1) A (x) 


= X £ 


51- 


hie 


5 a;, 






A(y) 


= 2/5 


)H 


-Id 


5 2/; 






(2) A(x) 


= X { 


51- 


f-lfi 


5 a;- 


ha; 


55 x 


A(y) 


= y § 


iH 


-H 


5 2/; 






(3) A (a) 


= a; £ 


51- 


rl« 


5 x, 






A(y) 


= y 5 


}H 




5 2/4 


- w 


[*); 


(4) A (a;) 


= a; $ 


51- 


hie 


5 a;- 


ha; 


£5 a; 


A(y) 


= y <? 


9 H 


-1$ 


5 2/4 


"»< 


s>2/; 


(5) A (a;) 


= a; $ 


51- 


hie 


5 a;- 


ha; 


€5 a; 


A(y) 


= y 5 


iH 




5 2/4 


- a; 


8y- 



While for the second one we have 

(6) A(x)=x®l + l<gi x; 

(7) A(x)=x®l + l®x + u (x p ); 

(8) A (x) = x ® 1 4- 1 <8> x + x ® a;. 

Proof. By Proposition ^. 2f 2) and above Theorem l6.4[ when dimP(iJ*) = 2 there are only five non- 
isomorphic classes for such H. Furthermore from Proposition I2.2f 5). we know that dim J/ J 2 — 
dim P (if*) = 2, where J is the Jacobson radical of H. Hence according to [HI Theorem 14.4], 
H is isomorphic to k[x, y]/(x p , y p ) as an algebra since it is commutative. It is easy to check the 
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above given coalgebra structures are non-isomorphic which completes the classification. The same 
argument applies to the other case. Theorem 16.41 shows that when dimP(_ff*) = 1, there are 
three non-isomorphic classes. Since dim J/ J 2 = dimP(iP) = 1, H is isomorphic to k[x}/(x p ) 
as algebras. Because those three given above are definitely non-isomorphic as coalgebras, they 
complete the list. □ 

Theorem 6.6. Let H be a finite- dimensional connected Hopf algebra with P(H) = 1. Then H is 
local if and only if the primitive elements are nilpotent. 

Proof. We only prove one direction. Suppose dimTJ = p n and let ^ x G P(H)- We prove 
inductively on n such that when x is nilpotent then H is local. The first two cases when n = 1, 2 
follow from Theorem 16.11 and 16.41 Assume now that n > 3. By Remark 15. 3[ we can filter H by an 
increasing series of normal Hopf subalgebras: 

k = K C K x C K 2 C • • • C K n = H 

where K\ is generated by x and dimK m = p m for all < m < n. As in the proof of Lemma \5.1\ 
there exists an injection K n -x/ K n -i ^ K n /K^K n . It induces an isomorphism on the primitive 
spaces since both of them have dimension one by Proposition I5.2f 4). By induction K n -\ is local 
and so is K n ^i/K^ K n -i- Therefore K n j ' K n is local since the primitive elements are nilpotent 
by the above injection. Thus there exits integers I, s such that (kers) 1 C K^K n and (K^ ) s = 0, 
where kere is the augmentation ideal of H . Hence (kere) is C (K^K n ) s = (K^) s K n — 0. So H is 
local. □ 

Theorem 6.7. Let H be a finite- dimensional connected Hopf algebra with P(H) = 1. Then the 
center of H contains P(H). 

Proof. Let 0/i6 P(ff). Suppose dimiJ = p n . We show by inductive on n that x 6 Z(H), the 
center of H. It is trivial when n = 1. Assume that n > 2. By Remark 15. 3[ we can filter H by an 
increasing series of normal Hopf subalgebras: 

k = K C K x c K 2 C • • • C K n = H 

satisfying K\ is generated by x and K n _x C H is a degree one normal extension. Then by Theorem 
IB.6| we can find some y G H \ K n -x such that A(y) = y®l + l®y + u where u G K n -x ® K n -x, 
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which together with K n _\ generate H . Moreover we have the relation y p + Xy + a = for some 
Ask and a £ K n -\. 

By induction x G Z(K n -x). Then it suffices to show [x, y] — 0. It is easy to check that [x,y] 
is primitive. Therefore we can write [x,y] — [ix for some /i £ k. By Theorem 16.11 we can further 
assume either x p — or x p = x. When x p = 0, by Theorem 16.61 H is local. Then its quotient 
H/K^_ 1 H, which is generated by the image of y, is local too. Hence the image of y in H/K^^H 
is nilpotent since it is primitive. Thus in the relation of y we must have A = and y p + a = 0. 
A calculation therefore shows that [i p x = x(a,dy) p — [x,y p ] — [a;, —a] = which implies that 
[x,y] = [ix = 0. When x p — x, we have [x,y] = [x p ,y] — (a.dx) p y = 0. This completes the 
proof. □ 

Appendix A. Restricted Lie Algebras 

We state the following technical lemma which is the key to our classification of finite-dimensional 
connected Hopf algebras. 

Lemma A.l. [6l P. 186-187] For any associative algebra A we have 

p-i 

(x + yf = x p + y p + J2 s * ( x > V) 

i=l 

where is i(x,y) is the coefficient of A 1-1 in x (ad(Ax + y)) p 1 and 

[x p ,y} = ^d(x) f (y) 

for any x, y G A. 

Definition A. 2. A Lie algebra q over k is restricted if there exists a map Q — > Q, i.e., x h-> x^ 
satisfying, for all x, y G g and a G k: 

(1) {ax) lp] = a p xW, 

(2) (x + y)^ = x^+y^+J2iZi Si(x, y), where isi(x, y) is the coefficient of A 4-1 in x (ad(As + y)) 

(3) [x,yW] =x(ad(y)f. 

If g is restricted and U(q) is the usual enveloping algebra, let B be the ideal in U(g) generated by 
all x p — x^ p \ x G g, and define u(g) = U(g)/B. Then u(q) is called the restricted enveloping algebra 
of g. A version of the PBW theorem holds for u(g): given a basis for g, the ordered monomials in 
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this basis, where the exponent of each basis element is bounded by p — 1, form a basis for u(q). 
Consequently if dimg = n, then dimu(g) = p n . 

Now denote g as a two-dimensional Lie algebra with basis {x 7 y}. It is well known that there is 
only one nonabelian two-dimensional Lie algebra up to isomorphisms, where we can write [x, y] = y. 

Proposition A. 3. Let g be a two-dimensional restricted Lie algebra with basis {x,y}. Then the 
restricted maps can be classified as follows: When g is abelian: 



(1) 


x Ip] 


= 0,i/W 


= 0; 


(2) 


x b>] 


= x,yW 


= 0; 


(3) 


X W 


= y,y lp] 


= 0; 


(4) 


x \p] 


= x,yW 


= y- 



When g is nonabelian such that [x,y] = y: 
(5) = x,yW = 0. 

Proof. Suppose that g is abelian. First we will prove that there exists a restricted Lie subalgcbra 
of dimension one. Assume that the restricted map of g is given by: 



(A.0.6) 



= anx + auy 

y\p\ = a 21 X + a 22 y. 



For any element in g, say z = Xx + [iy where A, fi e k we have: 

Z [P] = X P X \P] + fjPyb] = ( 0nA P + ^^P) x + ( fll2A P + ^^P) y. 

If zl p ) = z then all the coefficients satisfy the following equations: 

an\ p + a 21 [i v = A 
«12A P + a 22 fiP = fi. 

When a,2i 7^ 0, we have fiP = (A — anA p ) ja 2 \ which implies the following equation: 
(ai 2 a 2 i - ana 2 2) P /a p 21 \ p2 + (an/a 2 i + a 22 / a 2i) ^ P ~ l/ a 2i^ = 0. 

Furthermore if ai 2 a 2 i — ana 22 7^ 0, then there exist solutions A, [i not all zero such that z^ = z. 
Otherwise if ai 2 a 2 i — ana 22 = and a 2 i ^ 0, we can choose fi ^ such that (x + jiy)^ = where 
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fi p = — an/o.21. Finally if 021 = 0, set z — y by rescaling we have = z or z^J = 0. Thus without 
loss of generality we can replace (|A.0.6[) by 

x^ = ax + by 
j/W = cy. 

If a = c = 0, then there are two cases either b = or b 7^ 0. By rescaling we have either 
x' p ' = 0, y^ = or x^ = y, y^ =0. If a 7^ 0, c 7^ 0, after taking a linear transformation 

x = dx' + ey' 

< 

y = fy', 

where d 7 e, / satisfy the following equations whose solutions are easy to check: 

dP = ad 
< e p c f = fp( ae + bf) 
J p = c.f 

would give case (4). The remaining possibilities when a — 0, c 7^ or a 7^ 0, c = 0, by linear 
transformations, would give case (2). At last when q is nonabelian, by the third condition of the 
definition of restricted Lie algebras, we have [a;,a^ p l] = [y,y^] = [x, y^] = and [x^,y] = y. Since 
[x, y] = y, then x^ = x, y^ =0. □ 

Appendix B. Cohomology of Coalgebras 

Let C be a coaugmented coalgebra in the sense that there is a coalgebra map from the triv- 
ial coalgebra k to C. Denote J = C + , the kernel of the counit, and one defines the reduced 
comultiplication on J by 

(B.0.7) A(c) = A(c) - (1®c + c®1). 

Then the cobar construction f2C on C is the differential graded algebra defined as follows: 

• As a graded algebra, J7C is the tensor algebra T(J), 

• The differential in VlC is given by 

n-l 

(B.0.8) <9g - ^(-l)Td^(g) A®Id® {n - t - 1) . 

i=0 



22 XINGTING WANG 

Dually given an augmented algebra A, one can construct a differential graded coalgebra BA, which is 
called the bar construction of A. See [3l §19] for the basic properties of cobar and bar constructions. 

Lemma B.l. LetC be a finite- dimensional coalgebra and A be its dual algebra. Then dimH"(f2C) = 
dimExt^(k, k) for every n>0. 

Proof. When C is finite-dimensional, denote A as its dual algebra. According to [3 Lemma 8.6(c)], 
B#A = SIC as DG algebras, where B#A is the graded dual of the bar construction of A. Meanwhile 
according to [HI Lemma 4.2], U'(B*A) = Ext^(k,k). This gives the proof. □ 

Proposition B. 2. LetQ be a restricted Lie algebrawith basis {x\, X2, ■ ■ • ,X n } and denote K — u(g) . 
Then {u(xi), Xj ® acjfe |1 < i < n, 1 < j < k < n} is a frasis /or H (Qif) ratt aZZ Xi being primitive. 

Proof. By Lemma fB. 11 dimH 2 (flK) = dimExt^-, (k, k) = n(n + l)/2, since the dual K* is isomor- 
phic to k[yi, • • • , yn]/(yi, ■ ■ ■ , Un) as algebras. Notice all ui(xi) and {xj ® Xk\l < j < k < n} are 
cocycles. We know K has a basis {x^x^ ■ • ■ x l ™ |0 < i\, ■ ■ ■ ,i n < p — 1}, it is easy to argue the 
linear independence. □ 

Lemma B.3. Let g be a restricted Lie algebra and denote K = u(g). Then 

(n n \ 

i=l i=l / 

is a zero cohomology class in H 2 (ilK), where Xi E fj /or all 1 < i < n. 

Proof. Without loss of generality we can assume is finite-dimensional. Because k is algebraically 
closed over F p , we can replace k with some finite field ¥ q . By basic algebraic number theory, there 
exists some number field L, where p remains prime in the ring of integers Ol and Ol/p = V q . 
Now by choosing the representatives for ¥ q in Ol, we can consider q as a free module over Ol 
with a bilinear bracket [,] representing all the relations between the basis. Denote A = U(g) as 
the enveloping algebra over Ol- There is a quotient map tt : A -» K which factors through A/(p). 
Therefore it suffices to prove that 

(u(x + y)~ oj(x) - oj(y)) 

is a zero cohomology class in H 2 (fL4) for any x,y E g. Then the general result follows by using the 
quotient map it and induction. Apply Lemma lA.ll in A®q l Ol/(p), we have (x + y) p = x p + y p + z 
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(mod p) for some z E g. Therefore (x + y) p — x p + y p + z + pQ for some Q E A and 



2.3 



A(x + y) p = (A(x + y)f 

= ({x + y)®l + l®{x + y)) p 

= (x + y) p <Z> 1 + I <Z> (x + y) p +puj(x + y). 



On the other hand 



A(x + y) p = A(x p + y p + z + pQ) 

= x p ® 1 + 1 ® x p + puj(x) + yP <g> 1 + 1 <g> y p + pcj(y) + z®l + l®z + pA(0) 
= + ?/ + z) <8> 1 + 1 ® (x p + y p + z) + + pu(y) + pA(@). 



Thus p9i(6) = P {lu(x + y)- uj(x) - u(y)}. Finally d\(Q) = to(x + y) - lu(x) - u(y). □ 



Definition B.4. Let H be a Hopf algebra. Define the degree zero adjoint map T x on Q.H by 



(B.0.9) T™ = ^ Id® 4 ® &&(x) ® Id^""*" 1 ) . 

i=0 



where ad(x)(i?) = [a;, H] for any x E H. 



Lemma B.5. For every Hopf algebra H, T x defines a chain map from to itself for all x E P(H). 
Furthermore H'(CIH) becomes a graded g-module through the adjoint map where g = H^Off). 
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Proof. We prove inductively that d n T n = T n+1 d n for all n > 0. It is clear when n = 0, 1 since 
Aad(ir) = (ad(ir) gD 1 + 1 <8> ad(x)) A for all x £ P{H)- Suppose it is true for n — 1 and then: 

d n T" = (V 1 - 1 ® Id + (-l) n - 1 ld^ n - 1 '> ® a 1 ) (r- 1 ® Id + Id®*"- 1 ' (g) T 1 ) 

= d n - x T n - x ® Id + ® T 1 + (-i)"-^™- 1 (gi a 1 + (-l)™- 1 ^®^- 1 ) ® 9 1 T 1 

= r™^"- 1 ® id + d 71 - 1 ® r 1 + (-i)"-^™- 1 ® a 1 + (-i)"- 1 ^®^- 1 ) ® t 2 ^ 1 

= t 1 ^"- 1 ® id + a"" 1 ® t 1 + (-i)"- 1 (t™- 1 ® id® 2 + id®'™- 1 ) gi t 1 ® id) (id® (n " 1} ® a 1 ) 

+ (-i)™- 1 ^®^- 1 ) <g, (Id o T 1 )^ 1 

= r™^"- 1 ® id + d 71 - 1 ®t 1 + (t™ ® id) (id®^ 1 - 1 ) ® a 1 ) + (-i)"- 1 ^®^- 1 ) ® (id gi 

= (T" g) Id + Id®" ® T 1 ) (a"" 1 ® Id + (-l^-iid®*"- 1 ) ® 5 1 ) 



Then T induces an action of g = P(H) on H*(ClH). A straightforward computation shows that 
T x T y — T y T x — T\ X y\ for any x,y € P(H), which makes H*(VlH) into a graded g-module. Finally 
P(H) = H^fiif) by definition. □ 

Theorem B.6. Let K C H be an extension of connected Hopf algebras with first order n > 2. Then 
the differential d\j induces an infective Q-module map from H n /K n to H 2 (fiif) where g = P(H). 

Proof. First of all by Corollary 13.31 H n becomes a g-module by adjunction since [Hi,H n ] C H n . 
Then choose x & H n and we have A(x) = x®l+l<gix+u, where u € H n _i§t)H n -i = K n -x®K n -x C 
K ® K by [TUJ, Lemma 5.3.2]. We know (fJif, 9^) can be viewed as a sub-complex of (£li7, 9#). 
Hence 9^ (it) = dj ( dj 1 (x) — djjdjj(x) = 0, i.e., it is a cocycle. Then d\j defines a linear map from 
H n to H 2 (i7if), which factors through H n /K n since d^d^ (K n ) = 0. It is compatible with the g 
action on H 2 (£IK) by Lemma lB.5l At last it is an injective map since if &jj{x) were a coboundary 
for some x € ii„, there would exist some y E K such that d] ( (y) = A(y) — y ® 1 — 1 (8 y = <9^(:r). 
Hence x — y E Hi — K\ , which implies that x € if P| H n — K n by Remark 12.41 □ 



Proposition B.7. The first order for the extension from a restricted enveloping algebra can be 
1, 2,p or oc. 
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Proof. Let K = u(g) C H be one of such extensions, where g is some restricted Lie algebra. The 
first order is one implies that q C P(H) and if it is infinity means that u(q) = H. In the other 
cases we can assume that K ^ H and the first order n is greater or equal to two. Denote {x{\ as 
a basis for g. Then by Lemma TB.6I and Proposition IB. 21 we can find some x £ H n \ K n such that 
A(x) = x®l + l(8)a; + ^ aiw(xi) + 2i<j a ij x i ® where the coefficients are not all zero. Finally 
because the associated graded ring of H with respected to its coradical filtration is coradically 
graded as mentioned in [3J Def. 1.13], it is see to see that if all a, = then n = 2. Otherwise 
n = p. □ 
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